This paper proposes a strategy for optimal placement of phasor measurement units (PMUs) both in the presence and absence of conventional measurements. Multiple objectives such as the minimization of the total number of PMUs, maximization of the measurement redundancy, and minimization of the condition number of the gain matrix are considered. The proposed methodologies are applied on IEEE 14-bus, 24-bus, 30-bus, 57-bus and 118-bus test systems.
Introduction
Phasor measurement units (PMUs) are increasingly being deployed in modern power systems. A PMU can provide measurements of voltage and current phasors, and also the system frequency and rate of change of frequency [1] . Measurements from distant locations can be synchronized by a PMU with the help of timing signals from satellites, such as the global positioning system (GPS) [2] .
The cost of PMU is usually high. Therefore, a methodology to determine the optimal locations to place the PMUs is needed. There has been lot of interest in the research community on the problem of finding the minimum number of PMUs and their optimal locations. In [3] an integer quadratic programming approach is used to find the minimum number of PMUs required, and to maximize the measurement redundancy. An Exhaustive search method is used in [4] to determine the minimum number of PMUs for complete observability of the system. In [5] , the PMUs placement method based on the non-dominated sorting genetic algorithm is proposed. In [6] and [7] a BPSO based methodology has been used for the optimal placement of PMUs. In [8] , the integer programming based on network observability formulation is applied to find the optimal PMUs placement. In [9] , a heuristic technique based on the minimum condition number of the measurement matrix and a sequential elimination is proposed. In [10] , the condition number of the measurement matrix was used as a criterion for selecting the candidate solutions. In [11] , a minimum condition number of measurement matrix criteria have been used for optimal PMU placement for the observability of the system. PMU placement process in the first part of this paper attempts objectives: 1) to minimize the total number of PMUs and 2) to maximize the measurement redundancy at the buses with the minimized number of PMUs. Minimization of PMUs and maximizing measurement redundancy are two conflicting objectives. The BPSO algorithm discussed in this paper finds the best tradeoff between these competing objectives.
The PMU placement methodology discussed in section-IV can make a system completely observable in the absence of any conventional measurement. In practice, PMUs are being installed in incremental fraction, in small numbers at a time, in power systems. A methodology, therefore, is discussed in Section V to determine the optimal location of PMUs in the presence of conventional measurements in the system.
Basic Principles of Optimal PMU Placement
Following are the basic rules of PMU placement followed in this work.
1. PMU can measure voltage phasor (magnitude as well as phase angle) of the bus where it placed. 2. It can also measure Current phasors of neighboring buses, if the number of measurement channels is sufficient. Voltage phasor of the neighboring buses can therefore be estimated using given transmission line parameters. 3. Kirchoff's current law (KCL) can be used to further reduce the required number of PMUs, if zero-injection buses are present. However this leads to the propagation of measurement uncertainty [4] .
Binary Particle Swarm Optimization
In this paper, a binary particle swarm optimization (BPSO) algorithm has been used for optimal PMU placement. The basic principles of particle swarm optimization (PSO) are detailed in [12] . A number of particles are used to find the optimal solution for the problem. The movement of the particles towards finding the optimal solution is governed by both local (individual) and global (social) memory of the particles. The position of the particle is the function of the time (iteration). The position of a particle at any instant is obtained by its velocity at that instant and the position at the previous instant.
where ( ) 
where ij σ is a random number in the range of 0 or 1,
is a sigmoid function defined as [6] ,
The range of ) ( ij v s depends on the maximum and minimum limits of the velocity.
Optimal PMU Placement in the Absence of Conventional Measurements
The position vector, p b , which is the best position found by the particle i so far, and the position vector b g , which is the global best position vector found among all the particles, are evaluated based on the chosen fitness function. One of the objectives of the present problem is to minimize the total number of PMUs that can make the system completely observable. The other objective is to maximize the measurement redundancy in the system. The fitness function is formulated in such a way that these two objectives are met.
The fitness function F(x) is formulated as follows:
where
; n is the number of buses in the system; K 3 is a constant defined as follows:
K is very large number assigning to the fitness function in the case of unobservability; K 1 and K 2 are two weights with values such that K 1 F 1 and K 2 F 2 are having numerically comparable magnitudes. The term Ax represents the number of times a bus is observed by the PMU placement set x. F 1 and F 2 are two parts of the fitness function; one representing the number of PMUs installed, and the other represents the measurement redundancy. They are defined as follows:
where the binary vector x ϵ R n is defined as follows:
1, if a PMU placed at bus 0, otherwise
The elements of the binary connectivity matrix A are defined as, 1, if ( , ) 1, if bus and are connected 0, otherwise
The vector N represents the maximum number of times a bus can be observed by the given set of PMUs. The vector (N-Ax) computes the difference between the maximum possible number of times the buses can be observed, and the number of times they are actually observed.
Optimal PMU Placement in the Presence of Conventional Measurements
This section presents a PMU placement methodology in the presence of conventional measurements. In addition to the minimization of the number of PMUs, the method also aims at enhancing the convergence characteristics of the hybrid state estimator. A frequently encountered problem in the state estimation is the ill-conditioning of the gain matrix of the weighted least squares (WLS) state estimator. One of the indicators of this ill-conditioning is the high condition number of the gain matrix. The PMU placement methodology proposed here places PMUs at selected locations such that the value of the condition number of the gain matrix is minimized for given number of PMUs.
The iterative state estimation equation is as follows [13] :
(both PMU and conventional measurements). PMU voltage measurements are taken as angles and magnitudes, while the PMU current measurements are taken in the rectangular format to avoid numerical problems [13] .
A numerical observability analysis is used to find out the unobservable islands in a system [3] . The gain matrix used in condition number analysis is defined as follows:
The condition number of a nonsingular matrix G is defined as [14] :
In this paper, second norm has been used. The iterative state estimation process involves inversion of gain matrix G, as shown in (12) . An ill behaved measurement Jacobian matrix H results in ill-conditioning of the gain matrix [15] .
The WLS solution of such ill-conditioned systems is prone to convergence and accuracy problems. To determine the best possible way of including PMU measurements in an existing conventional state estimator, one needs to minimize the condition number.
Problem Formulation using BPSO
BPSO algorithm is used to find the optimal number of PMUs and their locations. Given as set of existing conventional measurements, a numerical observability analysis is carried out to determine the unobservable lines in the system [3] . Fitness function for BPSO algorithm for PMU placement in the presence of conventional measurements is defines as follows:
where N island is the number of observable islands in the system; K 1 , and K 2 are weight constants and K 3 is a constant and can be define as follows:
F 1 and F 2 are the two parts of the fitness function that represent the number of PMUs and the measurement redundancy, respectively. The multiplication of q r and x represents the actual number of times an island is observed by a PMU placement set defined by x. The elements of row vector q r are defined as follows: 
. Case Studies
The case studies are presented in two parts. In first part, the proposed PMU placement methodology applied on a number of standard IEEE test systems in the absence of conventional measurements. In the second part, a practical problem of PMU placement in the presence of conventional measurements is successfully tested on few standard IEEE test systems.
PMU Placement without Conventional Measurements
The proposed method for optimal PMU placement is successfully applied on the IEEE 14-bus, IEEE 24-bus, IEEE 30-bus, IEEE 57-bus and IEEE 118-bus test systems [16] . Table 1 shows the optimal locations of the PMUs and measurement redundancy of related PMU placement set for IEEE 14-bus test system shown in figure 1 . The values in brackets in the column of this table show the number of buses observed more than once using given PMU placement set. First placement set of this table contains more number of buses which are observed more than once, and hence is taken as the placement solution. Similarly, Tables 2-4 report the results for the other test systems. -6-9-15-19-22-25-26-29-32-36-38-41-47-50-53-57 (14)  1-4-7-9-15-19-22-25-27-32-36-38-41-46-50-53-57 (14)  1-4-8-9-15-20-24-28-31-32-36-38-39-41-46-50-53 (13)  1-6-13-15-19-22-26-29-30-32-36-38-41-47-51-54-57 (13)  1-6-13-15-19-22-25-26-29-32-36-38-41-47-51-54-57 (13) 1-4-7-9-15-20-24-25-27-32-36-38-39-41-46-50-53 ( 
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PMU Placement with Conventional Measurements
The proposed method of OPP in the presence of the conventional measurements is applied to IEEE 14-bus, IEEE 30-bus and IEEE 57-bus test systems. Single line diagram of the formed islands for above mentioned systems are shown is Figures 2-4 . Table 6 shows the optimal locations of the PMUs and value of the condition number of the related optimal PMU placement set for IEEE 14-bus test system. This system contains two different locations for PMUs, but the 2nd locations set has less value of condition number. The optimal locations for this system are therefore {10, 13}. Figure 7 shows the details locations of PMUs, conventional measurements and observable islands for IEEE 30-bus test system and Table 7 shows the optimal locations of PMUs and the value of the condition number of the gain matrix. It shows that its first solution is the best solution to enhance the performance of the state estimator. This PMU placement set has less value of condition number while second and third solution has very high value of condition number. Figure 2 . Observable islands for IEEE 14-bus test system with conventional measurements, and optimal PMU locations. Figure 8 shows the details of the conventional and PMU measurement for IEEE 57-bus test system. Table 8 shows the optimal locations sets with their condition number for this system. The first solution has the minimum value of the condition number so this is the optimal PMU placement set in the presence of the conventional measurements. A methodology is proposed in this paper for optimal placement of PMUs for complete observability of the power system. The first Part of this paper considers only PMU based observability of the system and the optimization process tries to achieve two objectives: 1) minimizing the total number of PMUs needed to make the system completely observable, and 2) to maximize the measurement redundancy at all buses in the system for the normal operating condition of the system. Second part of this paper considers both PMU and the conventional measurement based observability. It tries to improve the hybrid state estimator performance. The methodology tries to meet dual objectives: 1) to minimize the number of PMUs needed to maintain the complete observability, which is not achieved by conventional measurements only, and 2) to minimize the condition number of the gain matrix of the WLS state estimator, in order to enhance convergence characteristics of the estimator.
BPSO algorithm is used for both the cases to determine the optimal locations for the PMUs and multiple solutions are generated. The methodologies were applied on IEEE test systems.
